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*QMi2Mib

! Pp2`pB2r
! :`�/B2Mi .2b+2Mi
! *QMp2tBiv



Pp2`pB2r Q7 PTiBKBx�iBQM



�M BM7Q`K�H /2}MBiBQM Q7 QTiBKBx�iBQM

JBMBKBx2 UQ` K�tBKBx2V bQK2 [m�MiBivX



�TTHB+�iBQMb

! 1M;BM22`BM;, JBMBKBx2 7m2H +QMbmKTiBQM Q7 �M �miQKQ#BH2
! 1+QMQKB+b, J�tBKBx2 `2im`Mb QM �M BMp2biK2Mi
! amTTHv *?�BM GQ;BbiB+b, JBMBKBx2 iBK2 i�F2M iQ 7mH}HH �M Q`/2`
! GB72, J�tBKBx2 ?�TTBM2bb



JQ`2 7Q`K�HHv

:Q�H, }M/ θ∗ = �`;KBMθ7(θ)- UTQbbB#Hv bm#D2+i iQ +QMbi`�BMib QM θVX
! θ ∈ RM, QTiBKBx�iBQM p�`B�#H2
! 7 : RM → R, Q#D2+iBp2 7mM+iBQM

J�tBKBxBM; 7(θ) Bb 2[mBp�H2Mi iQ KBMBKBxBM; −7(θ)- bQ r2 +�M i`2�i
2p2`vi?BM; �b � KBMBKBx�iBQM T`Q#H2KX



PTiBKBx�iBQM Bb � H�`;2 �`2� Q7 `2b2�`+?

h?2 #2bi K2i?Q/ 7Q` bQHpBM; i?2 QTiBKBx�iBQM T`Q#H2K /2T2M/b QM
r?B+? �bbmKTiBQMb r2 r�Mi iQ K�F2,

! Ab θ /Bb+`2i2 Q` +QMiBMmQmb\
! q?�i 7Q`K /Q +QMbi`�BMib QM θ i�F2\ UB7 �MvV
! Ab 7 ǳr2HH@#2?�p2/Ǵ\ UHBM2�`- /Bz2`2MiB�#H2- +QMp2t-

bm#KQ/mH�`- 2i+XV



PTiBKBx�iBQM 7Q` J�+?BM2 G2�`MBM;

P7i2M BM K�+?BM2 H2�`MBM; r2 �`2 BMi2`2bi2/ BM H2�`MBM; i?2
T�`�K2i2`b θ Q7 � KQ/2HX
:Q�H, KBMBKBx2 bQK2 HQbb 7mM+iBQM

! 6Q` 2t�KTH2- B7 r2 ?�p2 bQK2 /�i� (t, v)- r2 K�v r�Mi iQ
K�tBKBx2 S(v|t, θ)X

! 1[mBp�H2MiHv- r2 +�M KBMBKBx2 − logS(v|t, θ)X
! q2 +�M �HbQ KBMBKBx2 Qi?2` bQ`ib Q7 HQbb 7mM+iBQMb

HQ; +�M ?2HT 7Q` MmK2`B+�H `2�bQMb



:`�/B2Mi .2b+2Mi, JQiBp�iBQM

6`QK +�H+mHmb- r2 FMQr i?�i i?2 KBMBKmK Q7 7 Kmbi HB2 �i � TQBMi
r?2`2 ∂7(θ∗)

∂θ = yX
! aQK2iBK2b- r2 +�M bQHp2 i?Bb 2[m�iBQM �M�HviB+�HHv 7Q` θX
! JQbi Q7 i?2 iBK2- r2 �`2 MQi bQ Hm+Fv �M/ Kmbi `2bQ`i iQ

Bi2`�iBp2 K2i?Q/bX
_2pB2r

! :`�/B2Mi, ∇θ7 = ( ∂7
∂θR

, ∂7
∂θk

, ..., ∂7
∂θF

)



PmiHBM2 Q7 :`�/B2Mi .2b+2Mi �H;Q`Bi?K

q?2`2 η Bb i?2 H2�`MBM; `�i2 �M/ h Bb i?2 MmK#2` Q7 Bi2`�iBQMb,
! AMBiB�HBx2 θy `�M/QKHv
! 7Q` i = R : h,

! δi ← −η∇θi−R 7
! θi ← θi−R + δi

h?2 H2�`MBM; `�i2 b?QmH/MǶi #2 iQQ #B; UQ#D2+iBp2 7mM+iBQM rBHH #HQr
mTV Q` iQQ bK�HH UrBHH i�F2 � HQM; iBK2 iQ +QMp2`;2V



:`�/B2Mi .2b+2Mi rBi? GBM2@a2�`+?

q?2`2 η Bb i?2 H2�`MBM; `�i2 �M/ h Bb i?2 MmK#2` Q7 Bi2`�iBQMb,
! AMBiB�HBx2 θy `�M/QKHv
! 7Q` i = R : h,

! 6BM/BM; � bi2T bBx2 ηi bm+? i?�i 7(θi − ηi∇θi−R) < 7(θi)
! δi ← −ηi∇θi−R 7
! θi ← θi−R + δi

_2[mB`2 � HBM2@b2�`+? bi2T BM 2�+? Bi2`�iBQMX



:`�/B2Mi .2b+2Mi rBi? JQK2MimK

q2 +�M BMi`Q/m+2 � KQK2MimK +Q2{+B2Mi α ∈ [y, R) bQ i?�i i?2
mT/�i2b ?�p2 ǳK2KQ`vǴ,

! AMBiB�HBx2 θy `�M/QKHv
! AMBiB�HBx2 δy iQ i?2 x2`Q p2+iQ`
! 7Q` i = R : h,

! δi ← −η∇θi−R 7+αδi−R
! θi ← θi−R + δi

JQK2MimK Bb � MB+2 i`B+F i?�i +�M ?2HT bT22/ mT +QMp2`;2M+2X
:2M2`�HHv r2 +?QQb2 α #2ir22M yX3 �M/ yXN8- #mi i?Bb Bb T`Q#H2K
/2T2M/2Mi



PmiHBM2 Q7 :`�/B2Mi .2b+2Mi �H;Q`Bi?K

q?2`2 η Bb i?2 H2�`MBM; `�i2 �M/ h Bb i?2 MmK#2` Q7 Bi2`�iBQMb,
! AMBiB�HBx2 θy `�M/QKHv
! .Q,

! δi ← −η∇θi−R 7
! θi ← θi−R + δi

! lMiBH +QMp2`;2M+2
a2iiBM; � +QMp2`;2M+2 +`Bi2`B�X



aQK2 +QMp2`;2M+2 +`Bi2`B�

! *?�M;2 BM Q#D2+iBp2 7mM+iBQM p�Hm2 Bb +HQb2 iQ x2`Q,
|7(θi+R)− 7(θi)| < ε

! :`�/B2Mi MQ`K Bb +HQb2 iQ x2`Q, ‖∇θ7‖ < ε
! o�HB/�iBQM 2``Q` bi�`ib iQ BM+`2�b2 Ui?Bb Bb +�HH2/ 2�`Hv biQTTBM;V



*?2+F;`�/

! q?2M BKTH2K2MiBM; i?2 ;`�/B2Mi +QKTmi�iBQM 7Q` K�+?BM2
H2�`MBM; KQ/2Hb- BiǶb Q7i2M /B{+mHi iQ FMQr B7 Qm`
BKTH2K2Mi�iBQM Q7 7 �M/ ∇7 Bb +Q``2+iX

! q2 +�M mb2 }MBi2@/Bz2`2M+2b �TT`QtBK�iBQM iQ i?2 ;`�/B2Mi iQ
?2HT,

∂7
∂θB
≈ 7((θR, . . . , θB + ε, . . . , θM))− 7((θR, . . . , θB − ε, . . . , θM))

kε

q?v /QMǶi r2 �Hr�vb Dmbi mb2 i?2 }MBi2 /Bz2`2M+2b �TT`QtBK�iBQM\
! bHQr, r2 M22/ iQ `2+QKTmi2 7 irB+2 7Q` 2�+? T�`�K2i2` BM Qm`

KQ/2HX
! MmK2`B+�H Bbbm2b



aiQ+?�biB+ :`�/B2Mi .2b+2Mi

! �Mv Bi2`�iBQM Q7 � ;`�/B2Mi /2b+2Mi UQ` [m�bB@L2riQMV K2i?Q/
`2[mB`2b i?�i r2 bmK Qp2` i?2 2MiB`2 /�i�b2i iQ +QKTmi2 i?2
;`�/B2MiX

! a:. B/2�, �i 2�+? Bi2`�iBQM- bm#@b�KTH2 � bK�HH �KQmMi Q7
/�i� U2p2M Dmbi R TQBMi +�M rQ`FV �M/ mb2 i?�i iQ 2biBK�i2
i?2 ;`�/B2MiX

! 1�+? mT/�i2 Bb MQBbv- #mi p2`v 7�bi5
! Ai +�M #2 b?QrM i?�i i?Bb K2i?Q/ T`Q/m+2b �M mM#B�b2/

2biBK�iQ` Q7 i?2 i`m2 ;`�/B2MiX
! h?Bb Bb i?2 #�bBb Q7 QTiBKBxBM; JG �H;Q`Bi?Kb rBi? ?m;2

/�i�b2ib U2X;X- `2+2Mi /22T H2�`MBM;VX
! *QKTmiBM; ;`�/B2Mib mbBM; i?2 7mHH /�i�b2i Bb +�HH2/ #�i+?

H2�`MBM;- mbBM; bm#b2ib Q7 /�i� Bb +�HH2/ KBMB@#�i+? H2�`MBM;X



aiQ+?�biB+ :`�/B2Mi .2b+2Mi

! h?2 `2�bQM a:. rQ`Fb Bb #2+�mb2 bBKBH�` /�i� vB2H/b bBKBH�`
;`�/B2Mib- bQ B7 i?2`2 Bb 2MQm;? `2/mM/�M+v BM i?2 /�i�- i?2
MQBb2 7`QK bm#b�KTHBM; rQMǶi #2 bQ #�/X

! a:. Bb p2`v 2�bv iQ BKTH2K2Mi +QKT�`2/ iQ Qi?2` K2i?Q/b-
#mi i?2 bi2T bBx2b M22/ iQ #2 imM2/ iQ /Bz2`2Mi T`Q#H2Kb-
r?2`2�b #�i+? H2�`MBM; ivTB+�HHv ǳDmbi rQ`FbǴX

! hBT R, /BpB/2 i?2 HQ;@HBF2HB?QQ/ 2biBK�i2 #v i?2 bBx2 Q7 vQm`
KBMB@#�i+?2bX h?Bb K�F2b i?2 H2�`MBM; `�i2 BMp�`B�Mi iQ
KBMB@#�i+? bBx2X

! hBT k, bm#b�KTH2 rBi?Qmi `2TH�+2K2Mi bQ i?�i vQm pBbBi 2�+?
TQBMi QM 2�+? T�bb i?`Qm;? i?2 /�i�b2i Ui?Bb Bb FMQrM �b �M
2TQ+?VX



*QMp2tBiv



.2}MBiBQM Q7 *QMp2tBiv

� 7mM+iBQM 7 Bb +QMp2t B7 7Q` �Mv irQ TQBMib θR �M/ θk �M/ �Mv
i ∈ [y, R]-

7(iθR + (R− i)θk) ≤ i7(θR) + (R− i)7(θk)

q2 +�M +QKTQb2 +QMp2t 7mM+iBQMb bm+? i?�i i?2 `2bmHiBM; 7mM+iBQM
Bb �HbQ +QMp2t,

! A7 7 Bb +QMp2t- i?2M bQ Bb α7 7Q` α ≥ y
! A7 7R �M/ 7k �`2 #Qi? +QMp2t- i?2M bQ Bb 7R + 7k
! 2i+X- b22

?iiT,ffrrrX22Xm+H�X2/mf22kje#fH2+im`2bf7mM+iBQMbXT/7 7Q`
KQ`2



q?v /Q r2 +�`2 �#Qmi +QMp2tBiv\

! �Mv HQ+�H KBMBKmK Bb � ;HQ#�H KBMBKmKX
! h?Bb K�F2b QTiBKBx�iBQM � HQi 2�bB2` #2+�mb2 r2 /QMǶi ?�p2 iQ

rQ``v �#Qmi ;2iiBM; bim+F BM � HQ+�H KBMBKmKX



1t�KTH2b Q7 *QMp2t 6mM+iBQMb

Zm�/`�iB+b



1t�KTH2b Q7 *QMp2t 6mM+iBQMb

L2;�iBp2 HQ;�`Bi?Kb



*QMp2tBiv 7Q` HQ;BbiB+ `2;`2bbBQM
*`Qbb@2Mi`QTv Q#D2+iBp2 7mM+iBQM 7Q` HQ;BbiB+ `2;`2bbBQM Bb �HbQ
+QMp2t5
7(θ) = −∑

M i(M) log T(v = R|t(M), θ) + (R− i(M)) log T(v = y|t(M), θ)
SHQi Q7 − log σ(θ)



JQ`2 QM QTiBKBx�iBQM

! �miQK�iB+ .Bz2`2MiB�iBQM JQ/2`M i2+?MB[m2 Umb2/ BM HB#`�`B2b
HBF2 i2MbQ`~Qr- TviQ`+?- 2i+V iQ 2{+B2MiHv +QKTmi2 i?2
;`�/B2Mib `2[mB`2/ 7Q` QTiBKBx�iBQMX � bm`p2v Q7 i?2b2
i2+?MB[m2b +�M #2 7QmM/ ?2`2,
?iiTb,ff�`tBpXQ`;fT/7fR8ykXy8dedXT/7

! *QMp2t PTiBKBx�iBQM #v "Qv/ � o�M/2M#2`;?2 "QQF �p�BH�#H2
7Q` 7`22 QMHBM2 �i ?iiT,ffrrrXbi�M7Q`/X2/mf�#Qv/f+pt#QQFf

! LmK2`B+�H PTiBKBx�iBQM #v LQ+2/�H � q`B;?i 1H2+i`QMB+
p2`bBQM �p�BH�#H2 7`QK lQ7h GB#`�`v



Cross-Validation 



Cross-Validation: Why Validate? 

So far: 
 Learning as Optimization 
 Goal:  Optimize model complexity (for the task) 
   while minimizing under/overfitting 

 
We want our model to generalize well without 
overfitting. 
We can ensure this by validating the model. 



Types of Validation 
Hold-Out Validation: Split data into training and 
validation sets. 
• Usually 30% as hold-out set. 

 
 
 

Problems: 
• Waste of dataset 
• Estimation of error rate might be misleading 

Original Training Set 

Validation 



Types of Validation 
• Cross-Validation: Random subsampling 

 
 
 
 
 
 

Problem: 
• More computationally expensive than hold-

out validation. 
 

Figure from 
Bishop, C.M. 
(2006). 
Pattern 
Recognition 
and Machine 
Learning. 
Springer 



Variants of Cross-Validation 
Leave-p-out: Use p examples as the validation set, and 
the rest as training; repeat for all configurations of 
examples. 
 
 
 
 
 
Problem: 
• Exhaustive. We have to train and test 𝑁

𝑝  times, 
where N is the # of training examples. 



Variants of Cross-Validation 
K-fold: Partition training data into K equally 
sized subsamples. For each fold, use the other K-
1 subsamples as training data with the last 
subsample as validation. 



K-fold Cross-Validation 

• Think of it like leave-p-out but without 
combinatoric amounts of training/testing. 

 
Advantages: 
• All observations are used for both training and 

validation. Each observation is used for 
validation exactly once. 

• Non-exhaustive: More tractable than leave-p-
out 



Practical Tips for Using K-fold Cross-Val 

Q: How many folds do we need? 
A: With larger K, … 
• Error estimation tends to be more accurate 
• But, computation time will be greater 
 
In practice: 
• Usually use K ≈ 10 
• BUT, larger dataset => choose smaller K 


